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COMMENT

Clifford algebras and finite groups

E A O’Brien and Michael C Slattery

Department of Mathematics, Statistics and Computer Science, Marquette University,
Milwaukee, WI 53233, USA

Received 17 February 1989

Abstract. The structure of finite groups associated with Clifford algebras of signatures
(0, d), d =3 (mod 4), is outlined. A speculation (by another author) concerning the possible
exceptional nature of the group associated with d =7 is seen to be false.

In a 1988 paper, Shaw [1] describes a group of order 128 which is associated with
d =7 Clifford algebras. In a concluding remark to his paper, he conjectures that the
d =7 Clifford algebra is exceptional in that the group of order 128 possesses a maximal
Abelian normal subgroup of order 16 consisting entirely of involutions. In this
comment, we establish that Shaw’s conjecture is false by showing that Clifford algebras
for other values of d have associated groups which satisfy this requirement. A detailed
description of the groups associated with the Clifford algebras is given by Salingaros
[2].

The group of order 2¢ has a general presentation which can be written as follows:
(a,%(,%;,...,%:a°=1, a is central, x; =a,[x;, x;, ] =a,x,%;...x;=1). (1)

Using this general presentation, it is clear that the commutator subgroup, the centre,
and the Frattini subgroup of the group are equal. In addition, the centre is cyclic,
having order 2. Such a group is called extra-special and has order 2™,

The relevant known results on extra-special 2-groups are summarised below; their
proofs may be found in Huppert ([3], pp 349ff). Let G be an extra-special 2-group
of order 22",

Property 1. There are only two isomorphism types of extra-special groups of order
2°™*1 Either

(i) G is a central product of m copies of the dihedral group of order 8, denoted
by Dg; or

(ii) G is a central product of m —1 copies of Dg and one copy of the quaternion
group of order 8, denoted by Qs.

Property 2. 1f G is of type (i), then the maximal Abelian normal subgroups of G have
type

1,1,... o 1)

(L,1,...,1) (2,1,...,1)

and —

m+1 m-—1

Here, an Abelian 2-group of type (a, b) is C,o x Cy»,
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Property 3. 1f G is of type (ii), then G has maximal Abelian normal subgroups only
of type
(2,1,...,1).
Nttt

m-=1

In both cases, the subgroups can be described and constructed with relative ease.
For example, in a group of type (i) where each dihedral group is generated by a; and
b;, a maximal Abelian normal subgroup of order 2”*' and consisting entirely of
involutions is generated by the centre of the group together with each of the a;.

Since the groups defined by equation (1) are extra-special, they have isomorphism
type (i) or (ii). A non-central element of such a group can be written as x; x,, ... x;'.
The element, w, has length / and its order is either 2 or 4. The number of occurrences
of a in wxw is I{(I+1)/2. If I{l+1)mod4=0, then w has order 2; otherwise if
I{I+1)mod 4=2, w has order 4.

In the groups of interest to Shaw, d =4k +3 where k= 0. The presence of elements
of length (d —1)/2 and order 4 ensures that there is a single copy of Qg, thereby
ensuring that the central product is of type (ii); if the elements of length (d —1)/2
have order 2, then the group is of type (i) and in these cases there are maximal Abelian
normal subgroups of order 2¢*'/? consisting entirely of involutions. The elements of
length (d —1)/2 have order 4 if (d —1)/2 mod 4 =1 while these elements have order 2
if (d-1)/2mod4=3.

In summary, for d =8k+7 where k=0, the group of order 2¢ is of type (i) and
has maximal Abelian normal subgroups consisting entirely of involutions. For d =
8k +3, the group of order 2¢ is of type (ii) and has no maximal Abelian normal
subgroup consisting entirely of involutions.
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